ABSTRACT. We describe the heat kernel asymptotics for roots of a Laplace type operator ∆ on a closed manifold. A previously known relation between the Wodzicki residue of ∆ and heat trace asymptotics is shown to hold pointwise for the corresponding densities.
INTRODUCTION
Let ∆ be a positive self-adjoint differential operator of Laplace type acting on sections in a Hermitian vector bundle over a compact Riemannian manifold M. Then the corresponding heat operator e t∆ , t 0, is smoothing and its Schwartz kernel p t (x y) is known to have an asymptotic short time expansion along the diagonal of the form p t (x x) ∑ ½ j 0 t j n 2 a 2 j n (x), t ² 0. The coefficients a 2 j n (x) can in principle be computed recursively in terms of curvature, the total symbol of ∆ and their derivatives. In this paper we study the short time asymptotics of the Schwartz kernel of e t Ô ∆ . For example, if D is an invertible self-adjoint operator of Dirac type, then ∆ : D 2 is of Laplace type and we can apply our analysis to e t D . It turns out that the behavior of the heat kernel h t (x y) of Ô ∆ depends in a crucial manner on the parity of the dimension n of the underlying manifold M. If n is even, then there is an expansion
where some of the coefficients A j (x) are directly related to the heat coefficients a j (x) for ∆ itself. In the odd-dimensional case logarithmic terms appear
All coefficients B j (x) and some of the A j (x) can again be obtained from the a j (x). The remaining coefficients are apparently not locally computable. Conversely, all heat coefficients a £ (x) of ∆ can be obtained from those of Ô ∆, so that the short time expansion for Ô ∆ contains more information than that for ∆, contrary to statements occasionally found in the literature, see e. g. [10, Sec. 4] . The details can be found in Theorem 7.
In order to relate e t∆ Our method also allows us to determine the short time heat asymptotics for
. Logarithmic terms appear only if n is odd and m is even. See Theorem 8 for details.
An alternative approach could have used the resolvent (∆ ) 1 instead of complex powers. This has been proposed e. g. in [10] . For m 2 one could also have used the trace of the wave operator e it∆ 1 2 whose structure as a distribution is well understood, see [5, 8] . But the approach used here seems to be simpler.
In the last section we relate the Wodzicki residue density and heat coefficients. The Wodzicki residue is the unique trace on the algebra of pseudodifferential operators which extends the Dixmier trace on operators of order n. Kalau and Walze [12] and Kastler [13] independently showed that the Wodzicki residue of ∆ n 2·1 is essentially given by the integral of the second heat coefficient Ê M Tr(a n·2 (x))dx. This fact has attracted attention in noncommutative geometry since it yields an operator-theoretic characterization of the Einstein-Hilbert action in general relativity, see e. g. [6] . Ackermann [1] noted that this is a special case of a more general relation between integrals of the heat coefficients and the Wodzicki residue of suitable powers of ∆. We show in Theorem 13 that the corresponding equality holds already on the level of densities, i. e. for each x ¾ M the heat coefficient a 2 j (x) is up to a universal factor the same as wres(∆ j )(x). Taking traces and integrating over M then yields the results of Kalau, Walze, Kastler, and Ackermann.
We tried to keep the presentation as self-contained as possible. For this reason we recall some definitions and include a few analytic basics which will be quite standard to the expert. However, we think that this way the text is much more coherent.
FROM THE HEAT KERNEL TO COMPLEX POWERS
Let (M g) be a closed Riemannian manifold, let E be a Hermitian vector bundle over M and let ∆ be a second-order differential operator acting on the sections of E. We assume that ∆ is self-adjoint and of Laplace type, i. e. its principal symbol satisfies 2 (∆)( ) g( ) The Schwartz kernel p t (x y) of the heat operator e t∆ has the following asymptotic behavior as t ² 0, where n : dim(M):
is a smooth section of E ¢ E £ and vanishes at t 0 together with all its derivatives. A more standard way of writing (1) is the asymptotic expansion for p t on the diagonal:
These properties of the Schwartz kernel were first established for the LaplaceBeltrami operator acting on functions in the fundamental paper [14] . 
so that all t-derivatives of p t (x y) decay exponentially fast. Since e ∆ 2 (AE x ) depends smoothly on x the estimates are uniform in x and y. Moreover, replacing the AE-functions by suitable derivatives of the AE-function we obtain the corresponding estimates for all derivatives of p t in x and y. This means that for each
for t 1. In particular, for any s ¾ the integral
defines the Schwartz kernel of ∆ s wherever the integral converges absolutely.
The vanishing statement for s ¾ AE follows from the poles of the Gamma function.
£ Vanishing of q s off the diagonal for s ¾ AE reflects the fact that for these s the operator ∆ s is differential. We fix our attention now to the diagonal. From (1) we see that for all (x y) ¾ M ¢ M the integral in (5) 
where we have repeatedly integrated by parts. The asymptotic properties of p t ensure that there are no boundary terms. Now the k th derivative of a smooth function is again a smooth function, in particular bounded as t ² 0, so the integral in (6) is absolutely convergent (hence analytic) for Re(s)
The right-hand side of (6) 
One crucial observation is now that the coefficients in the asymptotic expansion (3) of the heat kernel can be read off from the poles of the complex powers. More precisely, we have
Proposition 3. For all x ¾ M we have
where a 2k n (x) are the heat coefficients in (3) .
PROOF. From (6) with k · 1 instead of k and from (3) we see that 
£
The integral (7) is therefore absolutely convergent in the operator norm for 0 and is independent of such by the Cauchy residue formula. This implies that Q k e tQ is bounded for all k ¾ AE and so e tQ is smoothing (always for t 0).
We want now to derive from (7) This follows again from Proposition 4 and Lemma 5. Thus we can move the line of integration in (8) to the left across poles, provided that we account for these poles using the residue formula:
Res s n j (t s Γ(s)q s 2 (x y)) (9) Note that all the poles are of the form s n j but some of these points are in fact regular. We first examine the off-diagonal behavior. 
The integral term in (9) is of order O(t k n ) and q s 2 K is entire by Proposition 1. Thus (9) yields an asymptotic
where we used Res s j (Γ(s)) ( 1) j j!. This shows that h t K is also smooth at t 0. Since q j 2 K vanishes for even j by Proposition 1 only odd Taylor coefficients occur at t 0.
The behavior on the diagonal of h t (x x) depends on parity. Again the restriction to Diag of the integral in the right-hand side of (9) is of order O(t k n )
in C (Diag E ¢ E £ ) for all . Assume first that n is even. From Proposition 2 we know that Γ(s)q s 2 (x x) has simple poles at s ¾ n n 2 2
AE,
thus the residue at s n j in (9) is a multiple of t j n . However, if n is odd then Γ(s)q s 2 (x x) has simple poles at s n n 2 1 and double poles at s 1 3 . Accordingly, h t (x x) will have an asymptotic expansion containing singular terms t n t n·2 t 1 , odd Taylor terms t t 3 t 5 and log terms t log t t 3 log t t 5 log t . Moreover, some of the coefficients can be written down in terms of the coefficients (3) of the asymptotic expansion of p t .
Theorem 7. Let M be an n-dimensional compact Riemannian manifold, let ∆ be a positive self-adjoint differential operator of Laplace type acting on sections in a Hermitian vector bundle over M. Let a j be the heat kernel coefficients for ∆ and let q s be the Schwartz kernel of ∆ s .

Then the heat kernel h t of the operator ∆ 1 2 restricted to Diag has the following asymptotic expansion as t ² 0:
For even n h t (x x) t²0 n 2 1
where the smooth coefficient functions A £ are
where
where FP denotes the finite part.
PROOF. It was noted above that the integral term from (9) is of order O(t k n )
in C (Diag E ¢ E £ ) for all . Clearly the residues in (9) are some powers of t, possibly multiplied with log t when the poles are double, and our task is to identify the coefficients. For this we use Proposition 3 and (8), where Γ(s) has been substituted by the Legendre duplication formula. Assume first n is even.
Then for j ¾ 0 1 n 2 1 we have
This gives the asymptotic term t 2 j n A 2 j n (x) if we use the functional equation of the Gamma function to write Ô . Similarly for j 0,
because of the identity
Finally around the pole s 2 j 1, j 0 we do not use the duplication formula but rather we write
This yields the asymptotic term t 2 j·1 A 2 j·1 (x).
Let us now pass to the odd-dimensional case. For j ¾ 0
Since n 2 j · 1 is even we have Γ n 2 j·1 2 n 2 j 1 2 ! so the residue is t 2 j n A 2 j n (x). The most complicated case is at s 2 j 1, j 0 since the pole there is double. We write the limited development around s 2 j 1 of the functions involved:
From this one computes
as claimed.
£
It is remarkable that in the even-dimensional case there are no logarithmic terms in the expansion.
Note that all the heat invariants of ∆ appear among the asymptotic terms of Theorem 7, but the converse is not true since A 2 j·1 (x) is not expressible in terms of the a £ (x) alone. The asymptotic heat coefficients a £ (x) of a Laplace type operator can in principle be computed recursively and be expressed in terms of curvature, the total symbol of ∆ and their derivatives at x. This has been worked out in many cases, see e. g. [3, 4, 7, 9, 11] .
Let us look at the Dirac operator D on a closed Riemannian spin manifold acting on sections in the spinor bundle E ΣM. Then ∆ : D 2 is of Laplace type and we can apply Theorem 7 to Q : D provided D has trivial kernel so that ∆ is positive. It is well-known that in this case a n (x) (4 )
where scal(x) denotes scalar curvature at x. Hence in the even-dimensional case the asymptotic expansion in Theorem 7 for the kernel of e t D starts as
Our method can be applied to show the existence of and examine the smalltime asymptotic expansion for the heat kernel of ∆ 1 m for all m 0. The only difference from the above analysis is the use of the Gauss multiplication formula
We state the result without proof. For n even
For n and m odd
with q k (x x) 0 for all integral k 0.
For n odd and m even
In particular, we see that logarithmic terms appear only for odd n and even m. Some of the values in these expansions seem to have been computed in [10] .
THE WODZICKI RESIDUE
For the sake of completeness we recall the definition of classical pseudodifferential operators. We identify densities with functions on M using the fixed metric g. is entire in s. In turn this implies that the coefficients j (s) are entire families of sections in p £ (End(E)) over the sphere in the conormal bundle: 
Let us show that for all k ¾ AE, k A(s) Diag extends to Re(s) n k with possible poles at s n n 1 n k · 1. Let : Ê Ê be a smooth function so that (r) 0 for r 1 2 and (r) 1 for r 1. Formula (10) implies the limited expansion
where w k (s x ) is defined by the above equality and is an entire family of classical symbols of order s k. We have already seen that 
The integral on the sphere is entire in s so the whole thing extends to with a simple pole at s n j. We have applied Proposition 11 to the entire family A(s)P of order s · k. Let
be the asymptotic expansion of the full symbol P . Clearly P (x )
A(0)P (x ). Formula (11) at s 0 shows that wres(P)(x) 1 (2 ) n S £ x Diag p n (x )d
So wres(P)(x) is independent of the family A(s) used in the definition and coincides with the Wodzicki residue density defined in [16] up to a constant.
Let A be an elliptic self-adjoint positive classical pseudodifferential operator of order m 0. It was proved by Seeley [15] 
Tr(a 2 j (x))dx for j depending on parity as above (recall the definition (∆ s) : Tr(∆ s 2 )).
